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 Tj  ! "#$ $6"$&2'/ 3+&7$*! "+&,-$ '../ $0 "+ "#$ jth
1+ 2" +3 "#$ !)!"$45

8#$ 9 2$" 7 $2$&%)  ! % ($2 :) ;

K =
n

∑

i=1

1

2
miv

T
i vi +

1

2
wT

i Iiwi. <=>

 mi  ! "#$ 4'!! +3 "#$ ith $/$4$2" +3 "#$ 4+0$/?

 vi  ! "#$ / 2$'& !.$$0 +3 "#$ ith $/$4$2"*! 7$2"$& +3 %&'( ")?

 wi  ! "#$ '2%-/'& !.$$0 +3 "#$ ith $/$4$2"*! 7$2"$& +3 %&'( ")?

 Ii  ! "#$ 4'"& 6 +3  2$&" ' +3 "#$ ith $/$4$2" +3 "#$ !)!"$45

@2 +&0$& "+ #'($ #+4+%$2$+-! $,-'" +2!? wi  ! 0$A2$0  2 "#$ !'4$ 3&'4$ '!

Ii B  " '//+C! "+ 3+&4-/'"$ vi '20 wi '77+&0 2% "+ q ;

vi = Jvi
(q)q̇ <D>

wi = RT
0jJwi

(q)q̇ <E>

C#$&$ Jvi
'20 Jwi

'&$ "C+ 4'"& 7$! '20 R0j  ! "#$ "&'2!.+&" 4'"& 6 :$"C$$2

"#$ 3&'4$ R0 '20 "#$ 3&'4$ j / 29$0 "+ "#$ !$%4$2" i5

8#$ 9 2$" 7 $2$&%) 3+&4-/'  ! ;

K =
1

2
q̇T

∑

i

[miJvi
(q)T Jvi

(q) + JT
wi

(q)R0jIiR
T
0jJwi

(q)]q̇ <F>

C# 7# 7'2 :$ &$C& ""$2 '! ;

K =
1

2
q̇T D(q)q̇ <G>

:) 0$($/+. 2% "#$ .&$( +-! 3+&4-/'? C$ +:"' 2 ;

K =
1

2

∑

m,n

dm,n(q)q̇mq̇n <H>

C#$&$ dm,n(q)  ! "#$ m, nth
$/$4$2" +3 "#$ 4'"& 6 D(q)5

8#$ %&'( ")*! "+&,-$  ! % ($2 :) ;

Qj =
∑

i

gmi

∂G0
zi

∂qj

. <IJ>

 G0
zi  ! "#$ z 7++&0 2'"$ +3 "#$ K+L +3 "#$ ith !$%4$2"*! 7+4.-"$0  2 "#$ :'!$

3&'4$ <R0>?

 g  ! "#$ %&'( ") '77$/$&'" +25



 !"#$% T &'!()!' *) &+,, *- "$./$-!' $0 #1! !2#!%)34 0$%"!-5 #$%67!8 9$% #1!

%$:$# /%!-!)#!' 1!%!; #1!%! *- )$ "$)-*'!%3#*$) $0 !2#!%)34 0$%"!-; -$ #1! T <!"#$%

$)4= '!-"%*:!- #1! .$#$%*>!' #$%67!-8 ?$*)#- 1; 4; 7 3)' 8 3%! .$#$%*>!'; -$ #1!
<!"#$% T *- @*<!) := #1$-! 0$7% /3%3.!#!%-8 T1 3)' T4 3%! "$./7#!' 0%$. #1!

#$%67!- $0 .$#$%- A 3)' B C1*4! T7 3)' T8 3%! '!'7"!' 0%$. .$#$%- + 3)' D8

E1! F74!%GH3@%3)@! !673#*$)- "3) :! C%*##!) 3- I

∑

m

djm(q)q̈m +
∑

n,m

cnmj(q)q̇nq̇m = Qj + Tj &AA,

cnmj =
1

2
[
∂djm

∂qn

+
∂djn

∂qm

−
∂dnm

∂qj

] &AB,

C1*"1 *- "43--*"344= C%*##!) 3- I

D(q)q̈ + C(q, q̇)q̇ = Q + T &A+,

C1!%! D(q) %!/%!-!)#- #1! .3#%*2 $0 *)!%#*3 3)' C(q, q̇) #1! "!)#%*07@!G"$%*$4*-
.3#%*2 C1!%! Xjm; #1! jmth

!4!.!)# $0 #1*- .3#%*2; *- '!()!' 3- I

Xjm =
∑

n

cnmj q̇n.

9*)344=; #1! Jvi 3)' Jwi .3#%*2 "$)-*'!%!' *) &J, 3)' &K, 13<! #$ :! "$./7#!'8

 !" Jvi #$% Jwi &#'()* +,(&-.#'),$

E1! .3#%*2 C1*"1 4*)L- 3%#*"743% -/!!' 3)' @!)!%34 -/!!' $0 3 -!@.!)# *- "$.G

/7#!' 0%$. #1! 4*)!3% 3)' 3)@743% -/!!'- 0$%.743-8 E1! @$34 *- #$ ()' 3 .3#%*2

0$% !3"1 -!@.!)#8 E1!= 3%! "$./$-!' $0 M <!"#$%- &$)! 0$% !3"1 N$*)# $0 #1!

.$'!4,8

E1! "$./7#3#*$) "$)-*-#- *) 0$%.743#*)@ *) #1! :3-! 0%3.!; #1! -/!!' &VPi
(j−

1, j)R0
, $0 3 /$*)# Pi @*<!) := 3 .$#*$) $0 #1! N$*)# qj 3##3"1!' #$ #1! 0%3.! j

3""$%'*)@ #$ #1! 0%3.! j − 18 E1$-! /3%3.!#!%- "3) :! '!'7"!' 0%$. #1! 43C

$0 "$./$-*#*$) -/!!'- 3)' #1! O!)3<*## P3%#!):!%@ &OP, 0$%.34*-. 7-!' 0$%

#1! @!$.!#%*" .$'!4 QARS8 T)'!!'; #1! @!)!%34 0$%.743#*$) *- -*./4*(!' := #1!

@!$.!#%*" .$'!48 U)4= $)! '!@%!! $0 0%!!'$. &O$9, 4*)L- #C$ 0%3.!- 7-*)@ #1!

OP .$'!4 3)' #1*- O$9 *- 3 %!<$47#! $% 3 /%*-.3#*" N$*)#8 V$%!$<!%; #1! Z 32*-

*- 34C3=- #1! %$#3#*$) $% #%3)-43#*$) 32*-; -$ #1! 3)@743% 3)' 4*)!3% -/!!'- 3%!

@*<!) := 0$7% "3-!- I

/ E1! 3)@743% -/!!' $0 3 /$*)# 0$% 3 %!<$47#! N$*)# I

wP (j − 1, j)R0 = R0,j





0
0
1



 q̇j . &AD,



  !" #$%"&' ()""* +, & )+$%- ,+' & '".+#/-" 0+$%- 1

vP (j − 1, j)R0 = V
Rj−1

Oj
+ V

Rj

P + wj ∧ OjP
Rj

= q̇jR0,j





0
0
1



 ∧ R0,jPj .
2345

  !" &%6/#&' ()""* +, & )+$%- ,+' & )'$(7&-$8 0+$%- 1

wP (j − 1, j) =





0
0
0



 . 2395

  !" #$%"&' ()""* +, & )+$%- ,+' & )'$(7&-$8 0+$%- 1

vP (j − 1, j)R0 = R0,j





0
0
1



 q̇j 23:5

;!"'" Pj $( -!" P )+$%-<( 8++'*$%&-"( $% Rj =

 !/(> -!" 7&-'$? +, & ("67"%- i $( ,+'7/#&-"* @A 8+7)/-$%6 ()""*( ,+' "&8!

0+$%-( &( 1

[

vi

wi

]

= J(q)q̇ = [J1,i(q), J2,i(q), ...J8,i(q)] q̇ 23B5

;!"'" Jj,i(q) $( & ."8-+' ;!$8! #$%C( -!" ()""* +, -!" ith ("67"%- &88+'*$%6

-+ -!" jth
0+$%-=  !" D'(- ("67"%- $( %+- &E"8-"* @A -!" 7+-$+% +, 0+$%-( : &%* B

;!$#" -!" ("8+%* $( %+- &E"8-"* @A 0+$%- B> -!"'",+'" J7,1(q)> J8,1(q) &%* J8,2(q)
&'" '")'"("%-"* @A & %/## ."8-+'=

 !"#"$%& %'()&'(*$

 !" @&#&%8" 8'$-"'$+% /("* !"'" &'" -!" FGH 2F"'+ G+7"%- H+$%-5> ;$*"#A /("*

,+' -!" (-&@$#$-A +, !/7&%+$* '+@+-( &%* -!" I"%-"' +, J'&.$-A 2I+J5= H'".$K

+/( -!"+'"-$8&# ;+'C( &%* "?)"'$7"%-( !&." )'+."* -!" FGH "L8$"%8A MNOP= Q-

8+%($(-( $% C"")$%6 -!" )+$%- +% -!" 6'+/%* &- ;!$8! -!" 7+7"%- 6"%"'&-"* @A

-!" '"&8-$+% ,+'8"( !&( %+ 8+7)+%"%- &'+/%* x &%* y &?$( 2M33P &%* MRP5 $% -!"

(/))+'- )+#A6+% +, -!" '+@+-= S!"% -!" FGH $( &- -!" @+'*"' +, -!" (/))+'-

)+#A6+% -!" '+@+- $( -""-"'$%6= T%#$C" -!" 6'+/%* )'+0"8-$+% +, -!" 8"%-"' +,

6'&.$-A> $- -&C"( $%-+ &88+/%- -!" '+@+-<( $%"'-$&=

 !" )/')+(" +, -!" ,+##+;$%6 $( -+ *"D%"* -!" 8++'*$%&-"( +, -!$( )+$%- $% &%A

,'&7" +, -!" 7+*"# &88+'*$%6 -+ -!" 8+%D6/'&-$+% +, -!" '+@+-=  !" *"D%$-$+%

8&% @" $7)#"7"%-"* $%-+ -!" U";-+% "V/&-$+%( -+ +@-&$% -!+(" 8++'*$%&-"(= Q%

&%A )+$%- +, -!" 7+*"# 1 M0 = Mz + OZ ∧ R 2M0 &%* Mz *"D%" '"()"8-$."#A

-!" 7+7"%- 6"%"'&-"* @A -!" '"&8-$+% ,+'8" R &- -!" )+$%-( 0 &%* z5=

W88+'*$%6 -+ -!" )'".$+/( *"D%$-$+%> -!"'" $( %+ 7+7"%- 6"%"'&-"* @A '"&8-$+%



 !"#$% &' '($ )$"! *!+$,' -!.,'/ 0!,%$12$,'345 . Z 6$7,$% '($ )*- #!!"6.8

,&'$% M0 = OZ ∧ R/ 9(.%  !"+23&'.!, #&, :$ .+;3$+$,'$6 .,'! '($ <$='!,

$12&'.!,% &% >

δ0 = M0 + OG ∧ P + OG ∧ Fi ?@AB

=($"$ P .% '($ C"&D.'4  !"#$5 G .% '($ "!:!'E% #$,'$" ! C"&D.'4 &,6 Fi .% '($

.,$"'.&3  !"#$ ?'($ 7"%' <$='!,E% 3&= C.D$% Fi = −mG̈B/ F##!"6.,C '! '($ )*-

6$7,.'.!,5 '($ $12&'.!, ?@AB #&, :$  !"+23&'$6 &% >

δ0 = OZ ∧ R + OG ∧ P + OG ∧ Fi ?GHB

{

δ0x = ZyRz + GyPz − GzPy − GzFiy
δ0y = −ZxRz + GzPx − GxPz

?G@B

{

Zy =
δ
0x−GyPz+GzPy+GzFiy

Rz

Zx =
−δ

0y+GzPx−GxPz

Rz
.

?GGB

F3%!5 .' .% ;!%%.:3$ '! #!+;2'$ '($ ;!%.'.!, ! '($ )*- &% &  2,#'.!, ! q ?δ0

6$;$,6% !, '($ +&'".I D(q)B/
F%%2+.,C '($ C"!2,6 J,!=3$6C$5 '($ )*- #!+;2'&'.!, C.D$% & #".'$".!, '!

6$'$"+.,&'$ '($ %'&:.3.'4 ! '($ ;3&' !"+/

 !"#$%&#

9(.% %$#'.!, ;"$%$,'% '($ ,2+$".#&3 #!+;2'&'.!, ! '($ #".'$".!, ., '($ #&%$ ! 

'($ #3$&"&,#$ ! & %'&."#&%$ ?%'&."#&%$ %$' ! @K #+ ".%$"% &,6 GL #+ "2,%B =.'(

&, &D$"&C$ %;$$6 ! H/@M m.s−1
/ 9($ "!:!' .% $12.;;$6 =.'( & G8&I.% .,#3.,&'.!,

%$,%!" '(&' ;"!D.6$% "!33.,C &,6 ;.'#(.,C/ N$#'!" q $,'".$% &"$ +$&%2"$6 2%.,C

$,#!6$"% !, $&#( &#'2&'$6 &I.% ! '($ "!:!'/ O&'& (&D$ :$$, %'!"$6 62".,C '($

$I;$".+$,'% &,6 '($ +!6$3% ?0!P &,6 )*-B (&D$ :$$, #!+;2'$6 !Q83.,$/ 9(.%

#!+;2'&'.!, 6!$% ,!' '&J$ .,'! &##!2,' '($ '"&#J%E =$.C(' =(.#( .% ,$C3.C.:3$ .,

"$C&"6 =.'( '($ "!:!'E% =$.C('/ R.C/ S ;"$%$,'% '($ $D!32'.!, ! '($ )*- ?3$ 'B

&,6 '($ 6.Q$"$,#$ :$'=$$, '(!%$ '=! #".'$".!, ?".C('B 62".,C &33 '($ #3$&"&,#$/ P1

P2 &,6 P3 "$;"$%$,'% '($ T8#!!"6.,&'$% ., '($  "&+$ R5 ?R.C/ KB ! '("$$ ;!.,'%

! '($ "!:!' =(.#( 3!#&3.T&'.!, &"$ ,!'.#$6 !, R.C/ U/

9(.% $I;$".+$,' &33!=% 2% '! D&3.6&'$ '($ ;"$%$,'$6 +!6$3 &,6 #!,7"+% '($

#!+;2'&'.!, ! '($ )*- #".'$".!,/ V!=$D$"5 &% .' .% %(!=, !, R.C/ S5 '($ &D8

$"&C$ 6.Q$"$,#$ :$'=$$, '($ )*- &,6 '($ 0WP .% .,%.C,.7#&,' ?&:!2' H/G@XB/

*!"$!D$"5 '($ '=! ;$&J% ?F &,6 YB !, '($ R.C/ S &"$ ,!' 62$ '! '($ 64,&+.#%

! '($ %4%'$+ :2' '! +$&%2"$+$,' $""!"%/ F% '($ &##$3$"&'.!, .% +$&%2"$6 =.'(

'($ $,#!6$"% ?3.,J$6 '! '($ +!'!" %(& 'B5 =($, '($ '"&#J% %3.;5 '($ +$&%2"$+$,'

.% $""!,$!2%/ 9($ )*- .% #!+;2'&'.!,&334 +!"$ $I;$,%.D$5 ,$$6% +!"$ %$,%!"

+$&%2"$+$,'% &,6 '($ 6.Q$"$,#$ =.'( '($ 0!P .% ,$C3.C.:3$/ R!" '($%$ "$&%!,%5



 !"# $#  !"#$%&#'()* $#*+,(*- ./# ,#0( 1/2$( $#"$#*#'(* (/# #34,+(%4' 40 (/# 567 2'8

(/# $%9/( 4'#: (/# 8%;#$#'1# <#(=##' >4? 2'8 567-

 ! "#$"%&'! ()*( ()! +#, -!!.-  !%% -&/(!' 0#1 ()/- 2/$' #0 !34!1/.!$(-5 6$78

 *79 /$ ()! "*-!  )!1! 0*-( #:-(*"%! "%!*1*$"! .*7 :! $!"!--*179 ()! +#, .*7

$#( %#$;!1 :! "#$-/'!1!' *$' ()! <=> .&-( :! &-!' /$-(!*'5

 !"#$%$&$"' '#()* +,)&-)%. +$%#*$,,/*

?)! 4&14#-! #0 ()! 0#%%# /$; /- (# 41!-!$( * 1!*"(/@! *&(#$#.#&- -(*/1"*-! "%/.:8

/$; "#$(1#%%!15 ?)/- -(&'7  *- 4!10#1.!' ()1#&;) * )#.! .*'! +AA -#0( *1!

 )/") -/.&%*(!- ()! :!)*@/#1 #0 * B,?B /$ -(*/1"*-! "%/.:/$; -/(&*(/#$-5 ?)!

-/.&%*(#1 /- :*-!' #$ ()! .#'!% #0 #&1 41#(#(74! CD>D5 ,/@/$; ()! 1!'&"!'

/.4*"( #0 '7$*./"- !E!"(- #$ ()! 1#:#( *- !34%*/$!' 41!@/#&-%79 ()! +#, /-

"#$-/'!1!' *- :*%*$"! "1/(!1/#$ /$ ()! -/.&%*(/#$-5 ?)! -7-(!. 41!-!$(!' )!1!

"#$-/-(- /$ "#$(1#%%/$; ()! !%!@*(/#$ #0 ()! 01#$( 4*1( F!5;5 ()! -)*4! #0 ()! 1#:#(

*$' /.4%/"/(%7 ()! 4#-/(/#$ #0 +#,G5+&11!$(%79 ()! (!$-/#$ #0 ()! (1*"2- /- "#$8

(1#%%!' :7 * .*$841#;1*..!' *%;#1/(). ()*( *&(#.*(/"*%%7 *'*4(- ()! -)*4! #0

()! 1#:#( *""#1'/$; (# ;1#&$'5

 !" #$%&'() *+ %,( )-)%(.

?)! -7-(!. )*- (# :! *:%! (# 1!*"( '/E!1!$(%7 /$ 1!;*1'-  /() ()! "%/.:/$; -(*;!5

H#9 !$(1/!- )*@! (# '/E!1 *""#1'/$; (# ()! -(*;! FI1-( -(!49 ./''%! -(!4-9 I$*%

-(!4G5 ?)! ")*--/- /$"%/$*(/#$ .!*-&1!.!$( *%%# - (# ")!"2 #&( ()! I1-( -(*;! F/0

()! ;1#&$' /- 4%*$!G :&( '#!- $#( )!%4 (# "#$"%&'! *:#&( ()! ( # #()!1- -(*;!-

FJ/;5 KG5 L$ ()! #()!1 )*$'9 * '/-(*$"! -!$-#1 "#&%' ")!"2 #&( ()! %*-( -(*;! *-

/( /- -)# $ #$ J/;5 K5 H# "#$-/'!1/$; ()*( ()! 1#:#( /- *% *7- 4*1*%%!% (# ()! -(!4

/$ 01#$( #0 /(9 ()! /$"%/$*(/#$ *$' '/-(*$"! -!$-#1- "#&%' :! -&M"/!$( (# *")/!@!

*$ *&(#$#.#&- -(*/1"*-! "%/.:/$;5

 !/ 0*$%&*11(&

6- !34%*/$!' :7 NOPQ ;!$!(/" *%;#1/().- "*$ :! &-!' (# (1*/$ *$' #4(/./R! "#$(1#%

-7-(!.-5 ?74/"*%%79 61(/I"/*% S!&1*% S!( #12- F6SS-G *1! #0(!$ &-!' *- "#$(1#%

-7-(!.- 0#1 #:-(*"%! *@#/'*$"! #1 ;1*-4/$; (*-2- FNOTQG :!"*&-! -&") "#$(1#%%!1
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 !"# $#  !"#$ %$&'()'*+!+', %-.+,# &/+(0+,#

 !" !##$%&'(!)* ! +',* $!"-* %. (!)/*(!)' !0 .1" )'%"23 4" 455 '2  %(#%2*,

%. 2*6*$!0 1"')2 0'"7*, 89 +*'-/)*,  %""* )'%"2 wij 3 :! / 1"') i /!2 *")$'*2 xj

!", %"* %1)#1) yi +/' / '2 ! .1" )'%" σ() %.

∑N
j (wij .xj) +/*$* wij  %$$*2#%",2

)% )/* +*'-/) %. )/* 0'"7 8*)+**" )+% "*1$%"*23 ;/*%$*)' !009< "*1$%"*2 !$* %$=

-!"'>*, '" 0!9*$2 )% #*$.%$( ! "*1$!0 "*)+%$73 ;/'2 "*)+%$7  !" 8* .**,=.%$+!$,

?2'-"!0 )$!6*0 .$%( '"#1)2 1"')2 .%$+!$, )% %1)#1) 1"')2@ %$ $* 1$$*") ?)/*$*

(!9 8* .**,8! 7  %""* )'%"2 .$%( "*1$%" '" 1##*$ 0!9*$ %$ '" )/* 2!(* 0!9*$@3

42 '")$%,1 *,< '" )/*  !2* %. !1)%"%(%12 2)!'$ !2*  0'(8'"- +')/ ! ABC;A !2

DEFE< )/* 292)*( /!6* )%  %")$%0 )/* *0*6!)'%" %. )/* .$%") #!$) !  %$,'"- )%

)/* #%2')'%" %. )/* $%8%) '" )/* 2)!'$ !2*3 G)/*$+'2*< )/* %1)#1) %. )/* "*)+%$7

'2 )/* *0*6!)'%" %. )/* .$%") #!$)3 H%"2*I1*")09 )/* "*1$!0 "*)+%$7 !$ /')* )1$*

 /%2*" '2 ! .**,=.%$+!$, "*)+%$7 +')/ %"* /',,*" 0!9*$ ?J'-3 K@ )/!) (12) 8*

!,,$*22*, )% !##$%&'(!)* "%" 0'"*!$ .1" )'%"23 L",**,< ! $* 1$$*") "*)+%$7 ,%*2

"%) 2**( 12*.10< 8* !12* ! 6!$'!)'%" %. )/* %1)#1) ?*0*6!)'%" !"-0*@ '" 01,*2 !

6!$'!)'%" %. )/* "*)+%$7 *")$'*2 ?LM ,'2)!" * 2*"2%$2 !", '" 0'"!)'%" 2*"2%$@3
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 !"# %# 1$-."/ 1$!2'.3 4'%$/



 !" #$%&'()%**+,- (,+)*)*.

 ! "#$ %&!"'&(($') *(( "#$ +*'*,$"$'- *'$ .!&/! $0%$+" "#$ 12 -3!*+"4% /$45#"-

6wi7 /#4%# *'$ 8$89%$8 :3 *! $;&(9"4&!*'3 *(5&'4"#, :*-$8 &! * %(*--4%*( 5$!$"4%

*++'&*%#< =- "#$ -"'9%"9'$ &> "#$ !$"/&'. #*- :$$! ?0$8) &!(3 "#&-$ /$45#"- #*;$

"& :$ &+"4,4@$8< A&!-$B9$!"(3) * %#'&,&-&,$ 4- &!(3 %&,+&-$8 &> "#$ /$45#"-

Wi<

w1 w2 ... wi ... w14 w15

 !"#$ %&  !"#$#%#$& '&%(")*+)#,

/0&01()$0 ,02,%3'1()%* C*%# 5$!$'*"4&! 4- %&,+&-$8 &> 200 -$"- &> %#'&,&D

-&,$- %&,+&-$8 &> ?>"$$! +*'*,$"$'- '*!8&,(3 -$($%"$8 4!"& [−1, 1]< =>"$' $*%#

5$!$'*"4&!) * -$($%"4;$ '$+'&89%"4&! 4- +$'>&',$8 4! &'8$' "& %&,+9"$ "#$ !$0"
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